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WALL CROSSING FOR MODULI OF STABLE SHEAVES ON AN ELLIPTIC
SURFACE
KO¯TA YOSHIOKA
Abstract. We shall study the wall crossing behavior of moduli of stable sheaves on an elliptic surface.
0. Introduction
In [5] and [6], Friedman systematically studied moduli spaces of stable sheaves of rank 2 on elliptic
surfaces. In particular he proved that the moduli spaces are birationally equivalent to the Hilbert scheme
of points, if the relative degree of the first Chern class is odd. A few years later, Bridgeland generalized
Friedman’s results to higher rank cases by constructing relative Fourier-Mukai transforms associated to the
elliptic fibration. This is a fundamental tool for the study of coherent sheaves on elliptic surfaces, and many
properties of moduli spaces are proved (cf. [1], [3], [8], [9], [13]). In [14] and [16], we studied the Hodge
numbers and the Picard groups of the moduli spaces under the assumption that all fibers are irreducible. In
this note, we study the cases where elliptic surfaces have reducible fibers.
Let X → C be an elliptic surface over an algebraically closed field k. For an ample divisor H , let
MH(r, ξ, a) be the moduli space of stable sheaves E of (rkE, c1(E), χ(E)) = (r, ξ, a) with respect to H . If
n ≫ 0, then as Friedman [5] first noticed, MH+nf (r, ξ, a) is independent of the choice of n. We denote
MH+nf (r, ξ, a) (n ≫ 0) by MHf (r, ξ, a). Assume that gcd(r, (ξ · f)) = 1. Then MHf (r, ξ, a) is a smooth
projective variety and Bridgeland proved it is birationally equivalent to a moduli space of torsion free sheaves
of rank 1 on an elliptic surface. In [15], we proved thatMHf (r, ξ, a) is isomorphic to a moduli space of twisted
stable 1-dimensional sheaves on X , if there is a section of π. Since the twisted stability depends on the choice
of an ample divisor H and a twisting parameter α ∈ NS(X)Q, it is important to study the wall-crossing
behavior under the deformation of (H,α). By studying it, we shall refine the birational correspondence in
[4], that is, we can estimate the dimension of the locus where the birational map is not defined.
Theorem 0.1. Assume that X → C has a section. For (r, ξ, a) ∈ Z ⊕ NS(X) ⊕ Z such that r > 0 and
gcd(r, (ξ, f)) = 1, there is a (contravariant) Fourier-Mukai transform Φ : D(X)→ D(X) which induces an
isomorphism
(0.1)
MHf (r, ξ, a) \ Z → MH(1, 0, a
′) \ Z ′
E 7→ Φ(E),
where
(i) dimMHf (r, ξ, a) = dimMH(1, 0, a
′),
(ii) Z ⊂MHf (r, ξ, a) is a closed subscheme of dimZ ≤ dimMHf (r, ξ, a)− 2 and
(iii) Z ′ ⊂MH(1, 0, a′) is a closed subscheme of dimZ ′ ≤ dimMH(1, 0, a′)− 2.
As an application, we can compute the Picard group of MHf (r, ξ, a) (Theorem 3.2).
Let us explain the organization of this note. In section 1, we shall explain several properties of stable
1-dimensional sheaves. In particular we shall explain the existance condition of stable sheaves supported
on fibers. In section 2, we shall study the wall-crossing behavior under the deformation of (H,α). We first
explain the wall and chamber structure in the space of pairs (H,α). We then classify the walls and compare
two moduli spaces separated by a single wall. In particular, we shall prove that the birational equivalence
class is independent of the choice of a general parameter (H,α) (Theorem 2.7). This is much simpler than
the wall-crossing in [2]. In section 3, by using relative Fourier-Mukai transforms and Theorem 2.7, we show
Theorem 0.1. In section 4, we shall explain a different approach to prove Theorem 0.1. We introduce a
new stability condition for coherent sheaves with torsion and study the wall-crossing behavior. Then we can
extend Theorem 0.1 to elliptic surfaces with multiple fibers of multiplicity at most 2 (Example 4.30).
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Let π : X → C be an elliptic surface over a smooth projective curve C of genus g such that R1π∗OX 6∼= OC .
We assume that all multiple fibers are tame. Then χ(OX) = e, q(X) = g and the canonical bundle formula
says
KX ≡ (2g − 2 + e)f +
s∑
i=1
(mi − 1)fi mod Pic
0(X),
where e ≥ 0 and m1f1, ...,msfs are multiple fibers. If there is a section σ, then (σ2) = −e.
For a purely 1-dimensional sheaf E on X , we take a locally free resolution
0→ V1
f
→ V0 → E → 0.
We denote an effective divisor det f by Div(E). Then E is an ODiv(E)-module and the algebraic equivalence
class of Div(E) is c1(E). For α ∈ NS(X)Q, χα(E) := χ(E) − (c1(E) · α) denotes the α-twisted Euler-
characteristic of E.
For smooth projective varieties X,Y and E ∈ D(X × Y ), ΦEX→Y : D(X) → D(Y ) is an integral functor
defined by
(0.2) ΦEX→Y (E) := RpY ∗(E ⊗ p
∗
X(E)), E ∈ D(X),
where pX : X × Y → X and pY : X × Y → Y are projections. If Φ
E
X→Y is an equivalence, then it is called a
Fourier-Mukai transform.
Definition 0.2. (1) An object E1 ∈ D(X) is spherical if
Hom(E1, E1) ∼=k,
Ext1(E1, E1) ∼=0,
Ext2(E1, E1) ∼=k.
(0.3)
(2) For a spherical object E1, let RE1 : D(X)→ D(X) be an equivalence defined by
RE1(E) := Cone(RHom(E1, E)⊗ E1 → E).
Let K(X) be the Grothendieck group of X and
(0.4)
τ : K(X) → Z⊕NS(X)⊕ Z
E 7→ (rkE, c1(E), χ(E))
a surjective homomorphism such that τ(E) represents the topological equivalence class of E. For e1, e2 ∈
Z⊕NS(X)⊕ Z, we set
(0.5) χ(e1, e2) := χ(E1, E2), ei = τ(Ei), (i = 1, 2).
1. Moduli spaces of stable 1-dimensional sheaves
A twisted semi-stability was introduced by Matsuki andWentworth [11] for torsion free sheaves on surfaces,
and generalized to purely 1-dimensional sheaves in [14]. Let us recall the definition.
Definition 1.1. For a pair (H,α) of an ample divisor H and a Q-divisor α on X , a purely 1-dimensional
sheaf E is α-twisted semi-stable (resp. stable) if
(1.1)
χ(E1)− (α · c1(E1))
(c1(E1) ·H)
≤
(<)
χ(E)− (α · c1(E))
(c1(E) ·H)
for a proper subsheaf 0 6= E1 of E.
For e = (r, ξ, a) ∈ Z ⊕ NS(X) ⊕ Z, MαH(e) denotes the moduli space of α-twisted stable sheaves E on
X with τ(E) = e and M
α
H(e) the projective compactification by adding S-equivalence classes of α-twisted
semi-stable sheaves (see [14, Thm. 4.7] for r = 0).
For a pair (H,α) of an ample divisor H and a Q-divisor α, letMαH(e)
ss be the moduli stack of α-twisted
semi-stable sheaves E with τ(E) and MαH(e)
s the substack of α-twisted stable sheaves.
Let e(MαH(e)
ss) be the virtual Hodge polynomial of MαH(e)
ss in [14, 1.1].
1.1. Properties of purely 1-dimensional sheaves. We shall study some properties of α-twisted stable
sheaves on a fiber.
Lemma 1.2. Let E be a purely 1-dimensional sheaf with (c1(E) · f) = 1. For purely 1-dimensional sheaves
E1 and E2 fitting in an exact sequence
0→ E1 → E → E2 → 0,
we have (c1(E1) · f) = 0 or (c1(E2) · f) = 0. Hence E1 or E2 is supported on fibers.
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Proof. Div(E1) and Div(E2) are effective divisors such that
(Div(E1) · f) + (Div(E2) · f) = (c1(E) · f) = 1.
Since f is nef, we get (Div(E1) · f) = 0 or (Div(E2) · f) = 0. Therefore E1 is supported on fibers or E2 is
supported on fibers. 
Lemma 1.3. Let E be an α-twisted stable sheaf of dimension 1 whose support is contained in a fiber mD,
where m is the multiplicity. Then E is an OD-module.
Proof. By our assumption, kD − DivE is an effective divisor for a large positive integer k. Then E is an
OkD-module. We may assume that the multiplication map
φ : E
(k−1)D
−→ E((k − 1)D)
is non-zero. Since τ(E) = τ(E((k − 1)D)), by the α-twisted stability of E and E((k − 1)D), φ is an
isomorphism. Since φ factors through E|D, E is an OD-module. 
Lemma 1.4. Let E be an α-twisted stable 1-dimensional sheaf such that (c1(E) · f) = 0.
(1) E is an OD-module, where mD is a fiber of π with multiplicity m.
(2) If (c1(E)
2) < 0, then (c1(E)
2) = −2 and E is a spherical sheaf. In particular E(KX) ∼= E.
(3) Assume that there is a section. Then E(KX) ∼= E. If (c1(E)2) = 0, then τ(E) = (0, rf, a),
gcd(r, a) = 1 and E is a stable sheaf of rank r on f .
Proof. (1) By (c1(E), f) = 0, Div(E) is supported on fibers. Since E is α-twisted stable, π(DivE) is a point
c ∈ C. We set π−1(c) = mD, where D is the multiplicity. By Lemma 1.3, E is an OD-module. We also have
(c1(E)
2) ≤ 0.
(2) We note that
Ext2(E,E) ∼= Hom(E,E(KX))
∨
by the Serre duality. If Hom(E,E(KX)) 6= 0, then by τ(E) = τ(E(KX)) and the α-twisted stability of
E,E(KX), we see that E ∼= E(KX) and Ext
2(E,E) ∼= C. Hence −2 ≤ −χ(E,E) = (c1(E)
2). Since
(c1(E) · KX) = 0, we get (c1(E)2) = 0,−2. Moreover if (c1(E)2) = −2, then Ext
1(E,E) = 0 and E is a
spherical sheaf.
(3) Assume that there is a section σ. If (c1(E)
2) = 0, then τ(E) = (0, rf, a) for some r, a ∈ Z. Assume
that d := gcd(r, a) > 1. We set r′ := r/d and a′ := a/d. We consider Y := Mα
′
H (0, r
′f, a′), where α′ is
general and sufficiently close to α. By the existense of σ, Y is fine and isomorphic to X . For a universal
family P on X × Y , we consider Φ
P∨[1]
X→Y : D(X)→ D(Y ). Since (c1(E) ·H) = m(r
′f ·H) > (r′f ·H) and E
is α′-twisted stable, we get
Hom(E,P|X×{y}) = Hom(P|X×{y}, E) = 0
for all y ∈ Y . Then we get Ext1(P|X×{y}, E)− 0 for all y ∈ Y by χ(P|X×{y}, E) = 0. Hence Φ
P∨[1]
X→Y (E) = 0,
which is a contradiction. Therefore d = 1. 
We have the following corollary from the proof of Lemma 1.4 (3).
Corollary 1.5. For a fiber D, we set
MαH(0, rf, a,D)
ss := {E ∈MαH(0, rf, a)
ss | SuppE = D},
where gcd(r, a) = 1. If there is a section, then dimMαH(0, rf, a,D)
ss = 0.
Remark 1.6. Assume that there is a section of π. Let C0, C1, ..., CN be the irreducible components of a
singular fiber D =
∑N
i=0 aiCi. We may assume that a0 = (C0 · σ) = 1 for a section σ. We note that
V ∗ := Qσ +
∑N
i=1QCi is isomorphic to the dual of V := Qf +
∑N
i=1QCi by the intersection pairing.
Let E be a 1-dimensional sheaf on D. Then for any linear form ϕ : V → Q, there is α ∈ V ∗ such that
ϕ(c1(E)) = (c1(E) ·α). Moreover if ϕ(Ci) > 0 for all i, then α is relatively ample. For a pair of linear forms
(ϕ, ψ) such that ϕ(Ci) > 0 for all i, we define (ϕ, ψ)-semi-stability of an OD-module E by using the slope
function
µ(E) :=
χ(E)− ψ(c1(E))
ϕ(c1(E))
,
where c1(E) ∈
∑N
i=0 ZCi is the 1-cycle associated to E. Then Lemma 1.4 (3) is regarded as a claim for the
(ϕ, ψ)-stability.
Proposition 1.7. Let ξ be an effective divisor with (ξ · f) = 1. Then MαH(0, ξ, a)
ss is smooth and
(1.2) dimMαH(0, ξ, a)
ss = (ξ2) + g + e− 1.
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Proof. In [14, Prop. 3.18], we proved the claim for elliptic surfaces with irreducible fibers. The same proof
also works in our situation. Thus we see that
H0(X,OX(KX))→ Hom(E,E(KX))
is an isomorphism for all E ∈ MαH(0, ξ, a)
ss. Then (1.2) follows by χ(E,E) = −(ξ2) and pg = e+g−1. 
1.2. Existence of spherical stable sheaves. For this subsection, we assume that there is a section σ.
Lemma 1.8. Let D be an effective divisor such that (D2) = −2 and (D · f) = 0. Then e(MαH(0, D, a)
ss) is
independent of the choice of a general (H,α).
Proof. We fix an ample divisor L. By using [14, Prop. 2.5] to 1-dimensional sheaves on fibers, we get [14,
(2.29)]. By induction on (D · L), we can prove the claim. 
Lemma 1.9. Let D be a divisor such that Of (D) ∼= Of for a general fiber f and (D2) = −2. Then there is
a reducible singular fiber π−1(c) :=
∑m
i=0 aiCi such that Ci are smooth rational curves, a0 = (C0 · σ) = 1,
and D ≡ ±(
∑
i>0 biCi) mod Zf in NS(X), where 0 ≤ bi ≤ ai.
Proof. We take two fibers f1 and f2 such that Ofi(D)
∼= Ofi (i = 1, 2). We have an exact sequence
(1.3) 0→ OX(D − f1 − f2)→ OX(D)→ ⊕
2
i=1Ofi(D)→ 0.
We note that
(1.4) χ(OX(D − f1 − f2)) = χ(OX(D)) = e − 1 ≥ −1.
If h1(X,OX(D − f1 − f2)) ≤ 1, then h0(X,⊕2i=1Ofi(D)) = 2 implies h
0(X,OX(D)) ≥ 1. If h1(X,OX(D −
f1 − f2)) ≥ 2, then (1.4) implies h0(X,OX(D − f1 − f2)) ≥ 1 or h2(X,OX(D − f1 − f2)) ≥ 1. Hence
D = ±D′ + kf , where D′ is effective. Let L be the sublattice of f⊥ ⊂ NS(X) generated by irreducible
components of singular fibers. Then D ∈ L. Since (D2) = −2, there is a singular fiber π−1(c) =
∑m
i=0 aiCi
and D ≡ ±(
∑
i>0 biCi) mod Zf (0 ≤ bi ≤ ai). 
Since
∑m
i=0 aiCi −
∑
i>0 biCi is effective, we also get the following.
Corollary 1.10. Let D be a divisor such that Of (D) ∼= Of for a general fiber f and (D
2) = −2. Then D
or −D is algebraically equivalent to an effective divisor.
Lemma 1.11. Let D be an effective divisor such that (D2) = −2. Then MαH(0, D, a) 6= ∅ for a general
(H,α).
Proof. By Lemma 1.8, it is sufficient to find a pair (H,α) such that MαH(0, D, a) 6= ∅. We note that there is
an effective divisor D′ such that D +D′ = rf . For (0, D, a) and (0, D′, a′) such that gcd(r, a+ a′) = 1, we
take a general α ∈ NS(X)Q such that
(D · α)− a
(D ·H)
=
(rf · α) − (a+ a′)
(rf ·H)
.
We set d := a+ a′ and set Y ′ :=M
α
H(0, rf, d). By [15, Cor. 3.1.7], Y
′ is singular if and only if there are α-
twisted stable sheavesE and E′ such that τ(E) = (0, D, a), τ(E′) = (0, D′, a′) and E⊕E′ is the S-equivalence
class. We have an elliptic fibration ̟′ : Y ′ → C by [15, Lem. 3.1.9]. For a general α′ which is sufficiently
close to α, we set X ′ :=M
α′
H (0, rf, d). Then we have a morphism X
′ → Y ′ which is the minimal resolution of
Y ′ ([15, Cor. 3.1.7]). We also note that X ′ ∼= X by the existence of σ. By [15, Lem. 3.2.1], we have a divisor
Ĥ on X ′ which is the pull-back of a ̟′-relative ample divisor on Y ′. Let ΦP
∨
X→X′ : D(X) → D(X
′) be the
equivalence where P is the universal family. Then ΦP
∨
X→X′((0, D, a)) = (0, D̂, b), where D̂ is a divisor such
that (D̂2) = (D2) = −2 and Of (D̂) ∼= Of for a general fiber f . By Corollary 1.10, D̂ or −D̂ is algebraically
equivalent to an effective divisor. Since (Ĥ · D̂) = 0, we get Ĥ is not relatively ample. Hence Y ′ is singular
and we get MαH(0, D, a) 6= ∅ for a general (α,H). 
2. Wall crossing for the moduli spaces of stable 1-dimensional sheaves
2.1. Classification of walls. We set e := (0, ξ, a), where ξ is an effective divisor with (ξ ·f) = 1 and a ∈ Z.
Let F(e1, e2, . . . , es) (cf. [14, Prop. 2.4]) be the stack of Harder-Narasimhan filtrations
0 ⊂ F1 ⊂ F2 ⊂ · · · ⊂ Fs = E
of E ∈MαH(e)
ss with respect to (H±, α±), where τ(Fi/Fi−1) = ei. By Lemma 1.2,
Ext2(Fi/Fi−1, Fj/Fj−1) = Hom(Fj/Fj−1, Fi/Fi−1(KX))
∨ = Hom(Fj/Fj−1, Fi/Fi−1)
∨ = 0
for i > j. Hence by [14, Prop. 2.5], we get
(2.1) dimF(e1, e2, . . . , es) =
∑
i<j
−χ(ej , ei) +
∑
i
dimM
α±
H±
(ei)
ss.
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Proposition 2.1. Let W be a wall for e = (0, ξ, a) where ξ is an effective divisor with (ξ, f) = 1.
(1) W is defined by one of the following u.
(a) −χ(e,u) ≤ (ξ
2)+e−2
2 for u = (0, D, b) such that D is effective, (D
2) = −2 and (D · f) = 0.
(b) 0 < −χ(e,u) = r ≤ (ξ
2)+e
2 for u = (0, rf, d) with gcd(r, d) = 1.
(2) MαH(u)
ss =MαH(u)
s if (H,α) ∈W is general.
Proof. Let W be a wall for e and we take a general (H,α). Let C± be two chambers separated by W and
(H,α) ∈ C±. We take (H±, α±) ∈ C± in a neighborhood of (H,α). For the Harder-Narasimhan filtrations
0 ⊂ F1 ⊂ F2 ⊂ · · · ⊂ Fs = E
of E ∈MαH(e)
ss with respect to (H±, α±), we set ei := τ(Fi/Fi−1) = (0, ξi, ai). We note that e and ei span
a 2-plane in H∗(X,Q). Since (ξ · f) = 1, there is i0 such that (ξi · f) = 0 for i 6= i0 and (ξi0 · f) = 1. If s > 2,
then L := ⊕i6=i0Qei satisfies dimL ≥ 2 and hence dim(L+Qei0) ≥ 3. Therefore s = 2. Hence e = e1 + e2.
Assume that e1 = l1(0, D1, b1), where u := (0, D1, b1) is primitive and (D1 · f) = 0. Then (D21) = 0,−2. If
(D21) = −2, then u = (0, D, b), where D is an effective, (D
2) = −2 and (D · f) = 0. By ((ξ −D)2) ≥ −e, we
get 2(ξ ·D) ≤ (ξ2) + e− 2. If (D21) = 0, then u = (0, rf, d) with gcd(r, d) = 1. In this case, ((ξ − rf)
2) ≥ −e
implies 2r ≤ (ξ2) + e.
(2) For E ∈ MαH(u)
ss, if E is properly semi-stable, then we take a stable factor E1 of E. Then E1 also
defines a wall for e. Since (H,α) ∈ W is general, E1 also define W , and hence τ(E1) ∈ Qe + Qu. Since
(c1(E1) · f) = 0 and τ(E1) ∈ Qe+Qu, τ(E1) ∈ Qu. Therefore E is stable. 
Proposition 2.2. Let W be a wall defined by u.
(1) Assume that u = (0, D, b) with (D2) = −2. If (ξ ·D) ≥ 0, then
(2.2) dim(M
α±
H±
(e)ss \MαH(e)
s) = dimM
α±
H±
(e)ss − ((ξ ·D) + 1).
If (ξ ·D) < 0, then MαH(e)
s = ∅.
(2) Assume that u = (0, rf, b) with gcd(r, b) = 1. Then
(2.3) dim(M
α±
H±
(e)ss \MαH(e)
s) = dimM
α±
H±
(e)ss − (r − 1).
Proof. (1) Let E0 be an α-twisted stable sheaf E0 of τ(E0) = u with respect to H . Since E0 is spherical, as
in [12, sect. 2.2.2], we get the claim. So let us briefly explain the computation. For simplicity, we assume
that
a− (ξ · α+)
(ξ ·H+)
<
b− (D · α+)
(D ·H+)
.
We set
M
α+
H+
(e)ssl := {E ∈M
α+
H+
(e)ss | dimHom(E,E0) = l}.
For any E ∈M
α+
H+
(e)ssl , we have an exact sequence
(2.4) 0→ E1 → E → E
⊕l
0 → 0
where E1 is an α-twisted stable sheaf of τ(E1) = e− lu with respect to H . Conversely for E1 ∈MαH(e− lu)
s,
dimExt1(E0, E1) = (ξ ·D) + 2l and any l-dimensional subspace V of Ext
1(E0, E1) gives an extension (2.4)
such that E ∈ M
α+
H+
(e)ssl . Therefore M
α+
H+
(e)ssl is a Grassmanian bundle (Gr((ξ · D) + 2l, l)-bundle) over
MαH(e− lu)
s. Hence we see that
dimM
α+
H+
(e)ssl = dimM
α+
H+
(e)ss − l((ξ ·D) + l).
We set
M
α−
H−
(e)ssl := {E ∈M
α−
H−
(e)ss | dimHom(E0, E) = l}.
Then we also see thatM
α−
H−
(e)ssl is a Grassmanian bundle (Gr((ξ ·D)+2l, l)-bundle) overM
α
H(e− lu)
s and
dimM
α−
H−
(e)ssl = dimM
α−
H−
(e)ss − l((ξ ·D) + l).
Since
M
α±
H±
(e)ss \MαH(e)
s = ∪lM
α±
H±
(e)ssl ,
we get (1).
(2) We note that dimM
α±
H±
(lu)ss = l (cf. [16, Prop. 1.9]). Hence the claims follow from (2.1) and
Proposition 2.1. For {e1, e2} = {e− lu, lu} such that
a1 − (ξ1 · α±)
(ξ1 ·H±)
<
a2 − (ξ2 · α±)
(ξ2 ·H±)
,
we have
dimF(e1, e2) = dimM
α±
H±
(e)− l((ξ · rf)− 1)
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where ei = (0, ξi, ai). It is easy to see that E ∈ M
α±
H±
(e)ss for a general 0 ⊂ F1 ⊂ E ∈ F(e1, e2). Hence we
get the claim. 
Corollary 2.3. M
α±
H±
(e)→M
α
H(e) is a divisorial contraction if and only if there is u satisfying
(i) −χ(e,u) = 0 for u = (0, D, a) such that D is effective, (D2) = −2 and (D · f) = 0.
(ii) −χ(e,u) = 1, 2 for u = (0, rf, d).
2.2. Birational correspondences between M
α+
H+
(e) and M
α−
H−
(e). For the walls in Proposition 2.2, we
shall construct birational correspondences between M
α+
H+
(e) and M
α−
H−
(e).
(1) Let W be a wall defined by u = (0, D, b) where D is effective, (D2) = −2 and (D · f) = 0. We may
assume that
a− (ξ · α+)
(ξ ·H+)
<
b− (D · α+)
(D ·H+)
.
Proposition 2.4. RE0 induces an isomorphism
M
α−
H−
(e)ss →M
α+
H+
(RE0(e))
ss.
Proof. For E ∈ M
α−
H−
(e)ss, we have an exact sequence
0→ Hom(E0, E)⊗ E0 → E
ϕ
→ RE0(E)→ Ext
1(E0, E)⊗ E0 → 0
such that Hom(E0, imϕ) = 0 and imϕ is α-twisted stable with respect to H . Since Hom(E0, RE0(E)) = 0,
we get E′ := RE0(E) ∈ M
α+
H+
(RE0(e))
ss. Conversely for E′ ∈ M
α+
H+
(RE0(e))
ss, we see that E := R−1E0 (E
′)
is α−-twisted semi-stable with respect to H−. Hence our claim holds. 
Assume that (D · ξ) > 0. We set Z±(e) :=M
α±
H±
(e)ss \M
α∓
H∓
(e)ss. Then dimZ±(e) ≤ dimM
α±
H±
(e)ss− 2
and we have an identification
M
α−
H−
(e)ss \ Z−(e) =M
α+
H+
(e)ss \ Z+(e).
Assume that (D · ξ) ≤ 0. For E0 ∈MαH(u), we set e
′ := RE0(e). If (D · ξ) = 0, then e
′ = e and we have
an isomorphism
(2.5) RE0 :M
α−
H−
(e)ss →M
α+
H+
(e)ss
by Proposition 2.4. If (D · ξ) < 0, then we also have isomorphisms
(2.6)
RE0 : M
α−
H−
(e)ss → M
α+
H+
(e′)ss
RE0 : M
α−
H−
(e′)ss → M
α+
H+
(e)ss
by Proposition 2.4. We note that dimZ±(e′) ≤ dimM
α±
H±
(e)ss − 2. Combining the identifications
M
α−
H−
(e′)ss \ Z−(e′) =M
α+
H+
(e′)ss \ Z+(e′),
RE0 ◦RE0 induces a birational map
(2.7) M
α−
H−
(e)→M
α+
H+
(e′) · · · →M
α−
H−
(e′)→M
α+
H+
(e).
(2) Let W be a wall defined by u = (0, rf, d) with gcd(r, d) = 1. We may assume that
a− (ξ · α+)
(ξ ·H+)
<
d− (rf · α+)
(rf ·H+)
.
We note that MαH(0, rf, d)
∼= X and there is a universal family P on X ×X . For the equivalence Φ
P∨[1]
X→X :
D(X)→ D(X), we have isomorphims
Φ
P∨[1]
X→X :M
α−
H−
(e)ss →ML(r, ξ
′, a′)ss
and
DX ◦ Φ
P∨[1]
X→X :M
α+
H+
(e)ss →ML(r,−ξ
′, a′)ss.
Lemma 2.5. (1) Assume that r = 1. Then ML(1, ξ′, a′)ss ∼=ML(1,−ξ′, a′)ss.
(2) Assume that r = 2. Then we have an isomorphism
ML(2, ξ
′, a′)ss →ML(2,−ξ
′, a′)ss
by sending E to E ⊗ detE∨.
(3) Assume that r ≥ 3. We have a birational map
ML(r, ξ
′, a′)ss · · · → ML(r,−ξ
′, a′)ss
by sending E to E∨. This map is regular up to codimension r − 1.
By (2.5) and Lemma 2.5 (1), (2), we have the following proposition.
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Proposition 2.6. For the divisorial contractions in Corollary 2.3, we have isomorphisms
M
α−
H−
(e)ss →M
α+
H+
(e)ss
by contravariant Fourier-Mukai transforms.
By using (2.7) and Lemma 2.5, we get the following result.
Theorem 2.7. Let ξ be an effective divisor such that (ξ ·f) = 1. Then for general (H,α) and (H ′, α′), there
is a (contravariant) Fourier-Mukai transform Φ : D(X)→ D(X) which induces an isomorphism
(2.8)
MαH(0, ξ, a)
ss \ Z → Mα
′
H′ (0, ξ, a)
ss \ Z ′
E 7→ Φ(E),
where
(i) Z ⊂MαH(0, ξ, a)
ss is a closed substack of dimZ ≤ (ξ2) + e+ g − 3 and
(ii) Z ′ ⊂Mα
′
H′ (0, ξ, a)
ss is a closed substack of dimZ ′ ≤ (ξ2) + e+ g − 3.
3. Application
3.1. Birational correspondences by Fourier-Mukai transforms.
Theorem 3.1. Let ξ be an effective divisor such that (ξ · f) = 1. Then for a general (H,α), there is a
(contravariant) Fourier-Mukai transform Φ : D(X)→ D(X) which induces an isomorphism
(3.1) M
α
H(0, ξ, a) \ Z → Hilb
((ξ2)+e)/2
X ×Pic
0(X) \ Z ′
E 7→ Φ(E),
where
(i) Z ⊂MαH(0, ξ, a) is a closed subscheme of dimZ ≤ (ξ
2) + e+ g − 2 and
(ii) Z ′ ⊂ Hilb
((ξ2)+e)/2
X ×Pic
0(X) is a closed subscheme of dimZ ′ ≤ (ξ2) + e+ g − 2.
In particular MαH(0, ξ, a)
ss 6= ∅ for a general (H,α) if and only if (ξ2) ≥ −e.
Proof. We note that MH(0, f, 1) ∼= X . Let P be the universal family on X × X such that P|X×{x} ∈
MH(0, f, 1). We consider an equivalence
(3.2) Φ
P[1]
X→X : D(X)→ D(X),
where Φ
P[1]
X→X(Cx) = P|X×{x}[1]. Since (ξ · f) = 1, Φ
P[1]
X→X((0, ξ, a)) = (1, ξ
′, a′). Replacing MH(0, f, 1) by
M−ξ
′
H (0, f, 1− (ξ
′ · f)) and P by P ⊗ p∗1(L) (L ∈ Pic(X), c1(L) = −ξ
′), we may assume that ξ′ = 0. By our
assumption, 2a′ = e − (ξ2) ≤ 2e. Hence MH′(1, 0, a
′) 6= ∅. By [15, Prop. 3.4.5], we have an isomorphism
(3.3)
MH′(1, 0, a′)ss → MαH(0, ξ, a)
ss
E 7→ Φ
P[1]
X→X(E
∨),
where (H,α) depends on the choice of H ′. By Theorem 2.7, we get the claim. 
By [15, Prop. 3.4.5] and Theorem 3.1, we get Theorem 0.1.
3.2. Picard groups. For e ∈ K(X)top, we set
K(X)e := {α ∈ K(X) | χ(α, e) = 0}.
We have a homomorphism
(3.4)
θe : K(X)e → Pic(MHf (e))
α 7→ det p!(E ⊗ p∗X(α
∨)),
where E is a universal family. We note that θe can be defined even if there is no universal family by using a
family on a quot-scheme.
For the Fouruer-Mukai transform Φ in Theorem 0.1, we have a commutative diagram
(3.5)
K(X)e
Φ
−−−−→ K(Y )e′
θe
y yθe′
Pic(MHf (e)) Pic(MH′f (e
′))
.
Theorem 3.2. We set e := (r, ξ, a) with gcd(r, (ξ · f)) = 1. Assume that dimMHf (e) ≥ 4 + g and k = C.
Then we have an exact sequence
0 −→ ker τ −→ K(X)e
θe−→ Pic(MHf (e))/Pic(Alb(MHf (e))) −→ 0.
Proof. If r = 1, the the claim is [16, Cor. A.4]. By using (3.5) and Theorem 0.1, we get the claim. 
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4. Another argument.
In this section, we shall explain another approach to prove Theorem 0.1. By this method, we can slightly
generalize the result, that is, Theorem 0.1 holds if there is no multiple fiber.
4.1. Stable sheaves on a multiple fiber. Let π : X → C be an elliptic surface such that R1π∗OX 6∼= OC .
Lemma 4.1. Let mf0 be a fiber of π, where m ≥ 1 is the multiplicity. We take E ∈MαH(0, lrf0, ld)
s, where
gcd(r, d) = 1.
(1) Assume that DivE = lrf0. Then l = 1 and E is an Of0-module.
(2) Assume that SuppE 6= f0 and DivE is algebraically equivalent to lrf0. Then m | lr and gcd(
lr
m , ld) =
1.
Proof. (1) By Lemma 1.3, E is an Of0 -module. We take an elliptic surface X
′ → C′ such that there is a
section and a fiber f0. Then E is regarded as an 1-dimensional sheaf on X
′. By Remark 1.6 and Lemma 1.4
(3), we get l = 1.
(2) Since E is α-twisted stable, Supp(E) is connected. Hence there is a fiber m1f1 such that DivE = kf1,
where m1 is the multiplicity of f1. By our assumption and Pic
0(X) = Pic0(C), OX(lrf0 − kf1) ∈ Pic
0(C).
We take integers a, b such that lr = am+ b, 0 ≤ a and 0 ≤ b < m. Then
Of0(bf0)
∼= OX(lrf0 − kf1)|f0
∼= Of0 .
Hence b = 0 and m | lr. Since (0, lrf0, ld) = (0,
lr
mm1f1, ld), (1) implies gcd(
lr
mm1, ld) = 1. 
Lemma 4.2. Let mf0 be a fiber with multiplicity m. We set τ := (0, rf0, d), where gcd(r, d) = 1 and r > 0.
If m ∤ r, then dimMαH(0, rf0, d) = 1 for a general α.
Proof. For E ∈ MαH(0, rf0, d), Lemma 4.1 implies E is an Of0 -module. By Remark 1.6 and Corollary 1.5,
we get our claim. 
Remark 4.3. We take E ∈MαH(0, lrf0, ld)
s.
(1) Assume that m ∤ lr and E is locally free. Then l = 1 and Hom(E,E(KX)) = 0. In particular
MαH(0, lrf0, ld)
s is smooth of dimension 0 at E.
(2) Assume that m | lr. Then MαH(0, lrf0, ld)
s is smooth of dimension 1 at E.
Definition 4.4. Let mf0 be a multiple fiber. We set τ := (0, rf0, d), where gcd(r, d) = 1. We set
MαH(lτ, lrf0)
ss := {E ∈ MαH(lτ)
ss | DivE = ldf0}.
Proposition 4.5. Assume that (H,α) is general. Then dimMαH(lτ, lrf0)
ss ≤ 0. In particular dimMαH(lτ)
ss ≤
0 if l gcd(r,m) < m.
For the proof of this claim, we start with the following definition.
Definition 4.6. For E0 ∈ MαH(l0τ)
s, we set
(4.1) J (l, E0) := {E ∈MH(lτ)
ss | E is generated by E0(pKX), p ∈ Z },
where l0 | l.
Lemma 4.7. dimJ (l, E0) ≤ −1.
Proof. For F ∈ {E0(pKX) | p ∈ Z} (n ≥ 0), we set
(4.2) J (l, E0, F
⊕n) := {E ∈ J (l, E0) | dimHom(F,E) = n}.
For E ∈ J (l, E0, F⊕n), we have an exact sequence
(4.3) 0→ Hom(F,E)⊗ F → E → E′ → 0
and E′ ∈ J (l − nl0, E0, F (−KX)⊕n
′
) (n′ ≥ 0). Since J (l, E0, F⊕n) is an open substack of the stack of
extensions (4.3), [10, Lem. 5.2] implies
(4.4) dimJ (l, E0, F
⊕n) ≤ dimJ (l − n,E0, F (−KX)
⊕n′) + nn′ − n2.
Then the same proof of [10, (3.8)] works. 
Proof of Proposition 4.5.
We note that E ∈MαH(lτ, lrf0)
ss is generated by members in MαH(τ, rf0)
ss (Lemma 4.1 (1)). There are
Fi ∈ MαH(τ)
s and Ei ∈ J (li, Fi) such that E ∼= ⊕iEi, where
∑
i li = l. By Lemma 4.7 and Lemma 4.2, we
get our claim. 
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Let m1f1,m2f2, ...,msfs be multiple fibers of π. For a class (0, r
′f, d′) with gcd(r′, d′) = 1, let us consider
(0, rifi, di) such that gcd(ri, di) = 1 and Q(0, rifi, di) = Q(0, r
′f, d′). We set pi := gcd(ri,mi). Then
r′midi = rid
′, ri = pir
′ and mi = pi
d′
di
, where di | d′. We also have (0, r′f, d′) =
d′
di
(0, rifi, di). We set
(4.5) f :=
∑
i
li(0, rifi, di) + l(0, r
′f, d′)
where 0 ≤ li <
d′
di
. Then (l1, ..., ls, l) is uniquely determined by f . We have
Lemma 4.8. dimMαH(f)
ss = l.
Lemma 4.9. Let D be an effective divisor such that (D2) = −2 and π(D) is a point. Then MαH(0, D, a)
s
consists of a spherical object for a general (H,α).
Proof. The existance is a consequence of Lemma 1.11. For E1, E2 ∈ MαH(0, D, a)
s, we have χ(E1, E2) = 2.
Then Hom(E1, E2) 6= 0 implies E1 ∼= E2. 
4.2. λ-stability. In this subsection, we set
(4.6) e := (r, ξ, a) ∈ Z⊕NS(X)⊕ Z.
We introduce a notion of stability which is related to a relative Fourier-Mukai transforms.
Definition 4.10. Let λ be a real number. A coherent sheaf E is λ-stable (resp. λ-semi-stable) if the
following three conditions hold.
(1) The restriction Eη := E|Xη of E to the generic fiber Xη of π is a semi-stable vector bundle.
(2) Hom(E,A) = 0 for all α-twisted stable sheaf A on a fiber with χα(A)(c1(A)·H) ≤ λ (resp.
χα(A)
(c1(A)·H)
< λ).
(3) Hom(A,E) = 0 for all α-twisted stable sheaf A on a fiber with χα(A)(c1(A)·H) > λ.
Lemma 4.11. Assume that gcd((ξ ·f), r) = 1 and gcd(r, char k) = 1. For a n-stable sheaf E with τ(E) = e,
H0(X,OX(D)) ∼= Hom(E,E(D)),
where D is a divisor such that (D · f) = 0.
Proof. For a λ-stable sheaf E with τ(E) = e, we have an exact sequence
0→ T → E → E′ → 0
such that T is the torsion subsheaf and E′ is the torsion free quotient. Then T is generated by α-twisted
stable sheaves A with χα(A)(c1(A)·H) ≤ λ. Hence Hom(E, T (D)) = 0. We have an exact sequence
Hom(E, T (D))→ Hom(E,E(D))→ Hom(E,E′(D)).
Since Hom(E, T (D)) = 0, Hom(E,E(D))→ Hom(E′, E′(D)) is injective. Hence we have a homomorphism
ψ : H0(X,OX(D))
ϕ
→ Hom(E,E(D))→ Hom(E′
∨∨
, E′
∨∨
(D))
tr
→ H0(X,OX(D)).
Since ψ is multiplication by r, it is an isomorphism. By the stability of Eη ∼= E′η, we get ker tr = 0. Therefore
ϕ is an isomorphism. 
Let Y := MαH(0, r1f, d1) be a fine moduli space and P a universal family on X × Y , where (H,α) is
general. Let ΦP
∨
X→Y : D(X)→ D(Y ) be the Fourier-Mukai transform by P .
Lemma 4.12. Let E be a coherent sheaf on X.
(1) H0(ΦP
∨
X→Y (E)) is torsion free.
(2) If Hom(P|X×{y}, E) = 0 except for finitely many y ∈ Y , then H
1(ΦP
∨
X→Y (E)) is torsion free.
Proof. We take a locally free resolution
(4.7) 0→ V−2 → V−1 → V0 → P → 0
such that RjpY ∗(V
∨
i ⊗ E) = 0 for i = 0,−1 and j > 0. Then Φ
P∨
X→Y (E) is represented by a complex of
locally free sheaves on Y :
(4.8) 0→ pY ∗(V
∨
0 ⊗ E)
ϕ0
→ pY ∗(V
∨
−1 ⊗ E)
ϕ1
→ pY ∗(V
∨
−2 ⊗ E)→ 0.
Hence H0(ΦP
∨
X→Y (E)) = kerϕ0 is torsion free. If Hom(P|X×{y}, E) = 0 except for finitely many points
y ∈ Y , then ϕ0 is injective and cokerϕ0 is torsion free. Therefore H1(ΦP
∨
X→Y (E)) is also torsion free. 
Lemma 4.13. Let A be an α-twisted stable sheaf on a fiber.
(1) Assume that χα(A)(c1(A)·H) >
χα(P|X×{y})
(r1f ·H)
. Then ΦP
∨
X→Y (A)[1] ∈ Coh(Y ).
(2) Assume that χα(A)(c1(A)·H) ≤
χα(P|X×{y})
(r1f ·H)
. Then ΦP
∨
X→Y (A)[2] ∈ Coh(Y ).
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Proof. We note that Hi(ΦP
∨
X→Y (A)) are fiber sheaves. By Lemma 4.12 (1), we get H
0(ΦP
∨
X→Y (A)) = 0.
If χα(A)(c1(A)·H) >
χα(P|X×{y})
(r1f ·H)
, then
Ext2(P|X×{y}, A) ∼= Hom(A,P|X×{y}(KX))
∨ = 0.
Hence H2(ΦP
∨
X→Y (A)) = 0 and Φ
P∨
X→Y (A))[1] ∈ Coh(Y ).
If χα(A)(c1(A)·H) ≤
χα(P|X×{y})
(r1f ·H)
, then Hom(P|X×{y}, A) = 0 except for finitely many points y ∈ Y . By Lemma
4.12 (2), we get H1(ΦP
∨
X→Y (A)) = 0. Therefore Φ
P∨
X→Y (A))[2] ∈ Coh(Y ). 
Lemma 4.14. Let F be a torsion free sheaf on Y such that Fη is semi-stable and r1(c1(F ) ·f)+ rkFd′1 < 0,
where τ(P|{x}×Y ) = (0, r1f, d
′
1). Then E := Φ
P
Y→X(F )[1] ∈ Coh(X) and λ-stable, where λ =
χα(P|X×{y})
(r1f ·H)
.
Proof. Since P is flat over Y , P ⊗ p∗Y (F ) ∈ Coh(X × Y ). Hence H
i(ΦPY→X(F )) = 0 for i 6= 0, 1. Since P is
flat over X , H0(ΦPY→X(F
∨∨)) is torsion free. Hence H0(ΦPY→X(F )) is also torsion free. By our assumption,
H0(ΦPY→X(F )) is supported on fibers. Hence we get H
0(ΦPY→X(F )) = 0. Thus E := Φ
P
Y→X(F )[1] ∈
Coh(X). For an α-twisted stable sheaf A on a fiber and a homomorphism E → A, if χα(A)(c1(A)·H) ≤ λ, then
ΦP
∨
X→Y (A)[2] ∈ Coh(Y ). Hence
Hom(E,A) = Hom(F,ΦP
∨
X→Y (A)[1]) = 0.
Since F is torsion free, we also see that Hom(A,E) = 0 for an α-twisted stable sheaf A on a fiber such
that χα(A)(c1(A)·H) > λ. 
Lemma 4.15. Assume that r1(ξ · f)− rd1 > 0. We set λ :=
χα(P|X×{y})
(c1(P|X×{y})·H)
= d1−r1(f ·α)r1(f ·H) . For λ
′ ≥ λ and a
λ′-stable sheaf E, ΦP
∨
X→Y (E)[1] ∈ Coh(Y ). Moreover Φ
P∨
X→Y (E)[1] is torsion free if λ
′ = λ.
Proof. By λ′ ≥ λ and the definition of λ′-stability, we have
Ext2(P|X×{y}, E) ∼= Hom(E,P|X×{y})
∨ = 0
for all y ∈ Y . Since Eη is locally free, H0(ΦP
∨
X→Y (E)) is supported on fibers. Then Lemma 4.12 implies
H0(ΦP
∨
X→Y (E)) = 0. Therefore Φ
P∨
X→Y (E)[1] ∈ Coh(Y ).
Assume that λ = λ′. For a non-trivial homomorphism φ : P|X×{y} → E, λ-stability of E implies φ is injec-
tive and cokerφ is also λ-stable. Since imφ is contained in the torsion submodule of E, Hom(P|X×{y}, E) = 0
except for finitely many points y ∈ Y . Then ΦP
∨
X→Y (E)[1] is torsion free. 
By Lemma 4.14 and Lemma 4.15, we get the following result.
Proposition 4.16. Assume that r1(ξ · f)− rd1 > 0. We set λ :=
χα(P|X×{y})
(c1(P|X×{y})·H)
. Then Φ
P∨[1]
X→Y induces an
isomorphism
Mλ(e)s →MH′
f
(e′),
where e′ := τ(Φ
P∨[1]
X→Y (E)) (E ∈M
λ(e)ss) and H ′ is an ample divisor on Y .
Lemma 4.17 ([16, Lem. 3.3]). For a torsion free sheaf E on X such that Eη is semi-stable,
(4.9) c2(E)−
rkE − 1
2 rkE
(c1(E)
2) = rkEχ(OX)−
1
2
(c1(E) ·KX) +
1
2 rkE
(c1(E)
2)− χ(E) ≥ 0.
Proposition 4.18. Assume that r′(ξ · f)− rd′ > 0. Let B be a compact subset of NS(X)R and take α ∈ B.
Let TB be the set of torsion submodules T of λ-stable sheaves E with τ(E) = e, where λ ≤
d′−r′(f ·α)
r′(f ·H) . Then
{τ(T ) | T ∈ TB} is a finite set.
Proof. Let m1f1, ...,mkfk be the reducible fibers of π and let fi =
∑ni
j=0 aijCij be the decomposition of fi,
where mi are the multiplicities and Cij are the irreducible components of fi. We may assume that ai0 = 1.
Then
ni∑
j=0
ZCij =
ni∑
j=1
ZCij + Zfi.
We set L :=
∑
i
∑ni
j=1 ZCij .
Let T be the torsion submodule of E and set τ(T ) = (0, g + D, ld′ + b), where D ∈ L, l ∈ Q>0,
g = lr′f ∈ NS(X)Q and b ∈ Q. Then τ(E/T ) = (r, ξ − g −D, a − ld′ − b). Let A be an α-twisted stable
subsheaf of T with the maximal slope. Then the λ-stability of E implies χα(A)(c1(A)·H) ≤ λ. Hence we get
(4.10)
χα(T )
(c1(T ) ·H)
≤
χα(A)
(c1(A) ·H)
≤ λ ≤
d′ − r′(f · α)
r′(f ·H)
.
10
Then we have
(4.11)
b− (D · α)
(D ·H)
≤
d′ − r′(f · α)
r′(f ·H)
.
Since L is negative definite,
(4.12) |(D ·H)| ≤
√
−(D2)
√
(H21 ), |(D · α)| ≤
√
−(D2)
√
−(α21),
where H1, α1 ∈ LR are the orthgonal projections of H,α respectively. Hence there is a positive number β
depending on B such that
(4.13) b ≤ β
√
−(D2).
We note that
(4.14)
d′ − r′(f · α)
(r′f ·H)
<
(ξ · f)− (rf · α)
(rf ·H)
⇐⇒ r′(ξ · f)− rd′ > 0.
We have
|(D · ξ)| ≤
√
−(D2)
√
−(ξ21)
where ξ1 ∈ L is the orthognal projection of ξ. Then we see that
((ξ −D − lr′f)2)− 2r(a− b− ld′)
=((ξ −D)2)− 2l(r′(ξ · f)− rd′)− 2ra+ 2rb
≤− 2l(r′(ξ · f)− rd′)−
(√
−(D2)−
(√
−(ξ21) + rβ
))2
+
(√
−(ξ21) + rβ
)2
+ (ξ2)− 2ra.
(4.15)
Applying Bogomolov inequality (Lemma 4.17) for E/T , we see that the choice of l and D are finite. Then
the choice of b is also finite. Therefore the choice of τ(T ) is finite. 
Lemma 4.19. (1) λ-stability is an open condition.
(2) If gcd((ξ · f), r) = 1, then the set of n-semi-stable sheaves E of τ(E) = e is bounded.
Proof. (1) We shall check that three conditions of Definition 4.10 are open conditions. Eη is semi-stable
if and only if there is a smooth fiber f such that E|f is a semi-stable vector bundle. Hence it is an open
condition.
For a λ-stable sheaf E, let T be the torsion submodule of E. We consider the set
A := {τ(A) | A is α-twisted stable and A is a quotient of E with χα(A) ≤ λ(c1(A) ·H) }.
We set T ′ := im(T → A) and A′ := A/T ′. By Proposition 4.18, the set of τ(T ) is finite. By the λ-stability
of E, the choice of Harder-Narasimhan filtration of T is finite, and hence the choice of τ(T ′) is also finite.
Since A′ is a quotient of E/T , by a similar argument in the proof of Proposition 4.18, the choice of τ(A′) is
also finite. Hence A is a finite set. Therefore Hom(E,A) = 0 in Definition 4.10 is an open condition.
Let E be a S-flat family of coherent sheaves on X with τ(E|X×{s}) = e. Since the set of torsion submodules
T of E|X×{s} is bounded, the Harder-Narasimhan filtrations of T are also bounded. Hence Hom(A,E) = 0
in Definition 4.10 is an open condition.
(2) It is a consequence of Proposition 4.18. 
Definition 4.20. LetMλ(e)ss (resp. Mλ(e)s) be the stack of λ-semi-stable sheaves (resp. λ-stable sheaves)
E with τ(E) = e.
Mλ(e)ss is an open substack of the stack of coherent sheaves.
Proposition 4.21. We set e = (r, ξ, a). Assume that gcd((ξ · f), r) = 1. Then Mλ(e)s is smooth of
dimMλ(e)s = (ξ2)− 2ra+ (r2 + 1)χ(OX)− r(ξ ·KX) + q.
Proof. Applying Lemma 4.11, we get that the trace map
Ext2(E,E)→ H2(X,OX)
is an isomorphism. Hence we get the claim. 
By Proposition 4.18, we get the following claim.
Proposition 4.22. If λ is sufficiently small, then Mλ(e)ss consists of torsion free sheaves.
Definition 4.23. (1) W := {λ}(⊂ R) is a wall for e if there is a λ-stable sheaf E with τ(E) = e such
that there is a subsheaf A of E with χα(A)(c1(A)·H) = λ.
(2) A chamber is a connected component of the compliment of the set of walls.
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Remark 4.24. (1) By Proposition 4.18, for λ < d
′
r′(f ·H) −
(f ·α)
(f ·H) with
d′
r′ <
(ξ·f)
r , the set of λ defining a
wall is finite.
(2) If λ is in a chamber, then Mλ(e)ss =Mλ(e)s.
4.3. Wall crossing. In this subsection, we continue to use e = (r, ξ, a) with gcd((ξ · f), r) = 1.
For the torsion submodule T of E with τ(E) = e, let
0 ⊂ T1 ⊂ T2 ⊂ · · · ⊂ Tp = T
be the Harder-Narasimhan filtration with respect to (H,α)-twisted semi-stability. Then the choice of
τ(Ti/Ti−1) are finite by Proposition 4.18. By perturbing α, we may assume that Ti/Ti−1 are general with
respect to (H,α).
Let W be a wall defined by an α-twisted stable sheaf A with τ(A) = τ = (0, τ1, τ2). We set λ :=
χα(A)
(c1(A)·H)
.
We take λ± (λ− < λ < λ+) from two adjacent chambers. The Harder-Narasimhan filtration with respect to
λ+-semi-stability is an exact sequence
(4.16) 0→ E1 → E → E2 → 0
where E1 ∈ Mλ+(e − lτ)ss and E2 ∈ Mλ+(lτ)ss. The Harder-Narasimhan filtration with respect to λ−-
semi-stability is an exact sequence
(4.17) 0→ E1 → E → E2 → 0
where E1 ∈Mλ−(lτ)ss and E2 ∈Mλ−(e− lτ)ss.
Let F+(e1, e2) (resp. F
−(e1, e2)) be the stack of filtrations parameterizing (4.16) (resp, (4.17)), where
(e1, e2) = (e− lτ, lτ) (resp. = (lτ, e− lτ)). Then we get
(4.18) dimF±(e1, e2) = dimM
λ±(e− lτ)ss − χ(e1, e2) + dimM
λ±(lτ)ss
by (2.1), where χ(e1, e2) = l(rτ2 + l(τ
2
1 )− (ξ · τ1)).
Proposition 4.25. Let W be a wall defined by τ .
(1) Assume that τ = (0, D, b) with (D2) = −2. If (D · ξ)− rb ≥ 0, then
dim(Mλ±(e)ss \Mλ(e)s) = dimMλ±(e)ss − ((D · ξ)− rb+ 1).
If (D · ξ)− rb < 0, then Mλ(e)s = ∅.
(2) Assume that τ = (0, r′f, d′) with gcd(r′, d′) = 1 and (r′f · ξ)− rd′ > 0.
dim(Mλ±(e)ss \Mλ(e)s) = dimMλ±(e)ss − min
(l1,...,ls,l)
(∑
i
li(ri(f · ξ)− rdi) + l(r
′(f · ξ)− rd′ − 1)
)
where ri, di, li, l are defined in (4.5).
Proof. (1) The proof is similar to that of Proposition 2.2. (2) For (0, r′f, d′), we consider f in (4.5). Then
we have
codimF±(e1, e2) =
(∑
i
li
di
d′
+ l
)
(r′(f · ξ)− rd′)− l
=
∑
i
li(ri(f · ξ)− rdi) + l(r
′(f · ξ)− rd′ − 1).
(4.19)

As in subsection 2.2, we have birational correspondences induced by some Fourier-Mukai transforms.
(i) Let D be an effective divisor on a fiber with (D2) = −2.
(a) Assume that (ξ ·D)− rb < 0. Then RA ◦RA induces a birational map
(4.20) Mλ+(e)ss →Mλ−(e′)ss · · · → Mλ+(e′)ss →Mλ−(e)ss,
where e′ = e+ ((ξ ·D)− rb)τ(A).
(b) Assume that (ξ ·D)− rb = 0. Then RA induces an isomorphism
(4.21) Mλ+(e)ss →Mλ−(e)ss.
(ii) (a) If r′(ξ · f) − rd′ = 1, then as in 2.2, we have a contravariant Fourier-Mukai transform Ψ :
D(X)→ D(X) which induces an isomorphism
Mλ+(e)ss →Mλ−(e)ss.
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(b) If r′(ξ · f) − rd′ = 2 and MαH(0, r
′f, d′) is smooth, projective (e.g. there is no multiple fiber).
then we also have a contravariant Fourier-Mukai transform Ψ : D(X)→ D(X) which induces
an isomorphism
Mλ+(e)ss →Mλ−(e)ss.
Therefore we get the following result.
Proposition 4.26. For general λ1, λ2, there is a (contravariant) Fourier-Mukai transform Ψ : D(X) →
D(X) and closed substacks Zi ⊂Mλi(e)ss (i = 1, 2) such that Ψ induces an isomorphism
Ψ :Mλ1(e)ss \ Z1 →M
λ2(e)ss \ Z2.
Moreover codimMλi (e)ss Zi ≥ 2 if there is no multiple fibers.
Theorem 4.27. We set e := (r, ξ, a), where gcd(r, (ξ · f)) = 1. For a fine moduli space Y :=MαH(0, r1f, d1)
and a universal family P on X × Y , let ΦP
∨
X→Y : D(X)→ D(Y ) be the associated Fourier-Mukai transform.
Assume that r1(ξ · f) − rd1 > 0. Then there is a (contravariant) autoequivalence Ψ : D(X) → D(X) such
that
(i) τ(Ψ(E)) = τ(E) and
(ii) Φ
P∨[1]
X→Y ◦Ψ induces a birational map MHf (r, ξ, a) · · · → MH′f (r
′, ξ′, a′),
where E ∈MHf (r, ξ, a), τ(Φ
P∨
X→Y (E)[1]) = (r
′, ξ′, a′) and H ′ is a polarization of Y .
Proof. We set λ1 :=
d1−(r1f ·α)
(r1f ·H)
. By Proposition 4.16, Φ
P∨[1]
X→Y induces an isomorphism
Mλ1(r, ξ, a)s →MH′
f
(r′, ξ′, a′).
By using Proposition 4.26, we get a desired birational map. 
Thanks to Proposition 4.25, we can estimate the codimension of the locus where the birational map is
not defined. In this sense, Theorem 4.27 is regarded as a refinement of [4, Thm. 1.1].
Let Y :=MαH(0, r
′f, d′) be a fine moduli space and P a universal family. Then we have an elliptic fibration
π′ : Y → C [15, Lem. 3.1.9]. We setQ := P∨[1]. Then there is a pair (H ′, α′) andQ|{x}×Y ∈M
α′
H′(0, r
′f,−a)
for all x ∈ X . Thus X ∼=Mα
′
H′(0, r
′f,−a) [15, Thm. 3.2.8]. We have
(4.22) Φ
Q[−1]
X→Y = Φ
P∨
X→Y , Φ
P
Y→X = Φ
Q∨[1]
Y→X .
For a coherent sheaf E, let d(E) := (c1(E) · f) be the relative degree of E. By [4, Thm. 5.3], we get the
following relations: (
rk(ΦP
∨
X→Y (E))
d(ΦP
∨
X→Y (E))
)
=
(
d′ −r′
−q p
)(
rkE
d(E)
)
, d′p− r′q = 1,(
rk(ΦPY→X(F ))
d(ΦPY→X(F ))
)
=
(
p r′
q d′
)(
rkF
d(F )
)
.
(4.23)
The following lemma shows that the multiple fibers of π′ are explicitly determined by those for π.
Lemma 4.28. For a mutiple fiber π−1(c) = mf0, we set π
′−1(c) = m′f ′0, where m
′ is the multiplicity. Then
m′ = m.
Proof. Since rkP|X×{y} = r
′m on f0 for all y ∈ π′
−1
(c), rkP|f0×f ′0 = r
′m. We also have rkP|f0×f ′0 = r
′m′.
Therefore m = m′. 
Example 4.29. Assume that all fibers are irreducible. Then we may assume that α = 0. We set e = (r, ξ, a)
and set d := (ξ · f). Let m1f ′1, ...,msf
′
s be the multiple fibers of π
′. For (1, 0, e− l), (0, rif ′i , di) defines a wall
if and only if −l ≤ di. We set p := −r and q := −d. If −l > −
r
mir′
for all i, then all F ∈ HilblY ×Pic
0(Y )
are − rr′(f ·H) -stable. Hence Φ
P
Y→X induces an isomorphism
(4.24) HilblY ×Pic
0(Y ) ∼=MHf (r, ξ, a).
In particular if r > lr′mi for 1 ≤ i ≤ s, then (4.24) holds, where (r′, d′) satisfies rd′ − r′d = −1 and
0 < r′ < r. In particular if d ≡ 1 mod r, then we may assume that r′ = 1 and the condition is r > lmi for
all i.
Example 4.30. Let π : X → C be arbitrary elliptic surface with multiple fibers m1f1, ...,msfs. If r > r′mi
for all i, then there is a (contravariant) equivalence Ψ : D(Y ) → D(Y ) such that ΦPY→X ◦ Ψ induces a
birational map
(4.25) HilblY ×Pic
0(Y ) · · · →MHf (r, ξ, a)
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which is defined up to codimension 2. Assume that mi = 2 for all i. Then 2 | d, r ≥ 3 and the condition is
r > 2r′. Since r(d′−d)−(r−r′)(−d) = −1, we have (4.25) for (r, ξ, a) or for (r,−ξ, a′), where a′ = a+(ξ·KX).
Combining the birational map
(4.26)
MHf (r, ξ, a) · · · → MHf (r,−ξ, a
′)
E 7→ E∨,
we can show that Theorem 3.2 holds in our case.
Example 4.31. Assume that there is a reducible fiber. We set Y := MαH(0, f,−1) (i.e., (r
′, d′) = (1,−1)).
Since Y is fine, we have a Fourier-Mukai transform
(4.27) ΦP
∨
X→Y : D(X)→ D(Y )
associated to a universal family P . By the existence of reducible fibers, the equivalence (4.27) depends on
the choice of α. For example, we assume that α = 0. Let D1 be a smooth rational curve in a fiber π
−1(c).
For e = τ(OX(D1)), τ(OD1 (D1)) = (0, D1,−1) defines a wall. Since λ1 :=
−1
(D1·H)
< −1(f ·H) , and OX(D1)
is not λ1-stable, Φ
P∨
X→Y (OX(D1))[1] 6∈ Coh(Y ). More generally for any locally free sheaf E ∈ MHf (r, ξ, a)
with r′(ξ · f) − rd′ > 0, since τ(E(nD1)|D1) = (0, rD1, (ξ ·D1) + (1 − 2n)r), Φ
P∨
X→Y (E(nD1))[1] 6∈ Coh(Y )
for n ≫ 0, where Y := MH(0, r′f, d′). On the other hand if α = −D1, then we can easily show that
ΦP
∨
X→Y (OX(D1))[1] ∈ Coh(Y ) (see Remark 4.32). Thus the choice of α is important.
Remark 4.32. We shall explain a relation with Bridgeland paper [4]. We assume that α′ ∈ NS(Y )Q is trivial.
Then (X,P) in this paper corresponds to (Y,Q) in [4] Let D(⊂ X) be a genus 1 curve in a fiber. Since
χ(OD1) = −(D
2
1)/2 > 0 for any non-trivial quotient OD → OD1 , OD of dimension 1 is a stable sheaf of
χ(OD) = 0. If Y = MH(0, r1f, d1) and −1 >
d1
r1
, then we see that a general IZ ∈ Hilb
l
X is
d1
r1(f ·H)
-stable
and ΦP
∨
X→Y (IZ) is a stable sheaf. This is [4, Lem. 7.3].
Proposition 4.33. Assume that gcd(r, (ξ · f)) = 1. Then e(Mλ(e)ss) is independent of the choice of a
general λ. In particular e(MHf (e)) = e(MHf (1, 0, a
′)) for some a′.
Proof. By the classification of walls, the proof is the same as in [14, Prop. 3.15]. 
References
[1] Bartocci, C., Bruzzo, U., Herna´ndez R. D., Fourier-Mukai and Nahm transforms in geometry and mathematical physics.
Progress in Mathematics, 276. Birkha¨user Boston, Inc., Boston, MA, 2009. xvi+423 pp.
[2] Bayer, A., Macri, E., MMP for moduli of sheaves on K3s via wall-crossing: nef and movable cones, Lagrangian fibrations,
Invent Math. 198 (2014), no. 3, 505–590.
[3] Bernardara, M., Hein, G., The Euclid-Fourier-Mukai algorithm for elliptic surfaces. Asian J. Math. 18 (2014), no. 2,
345–364.
[4] Bridgeland, T., Fourier-Mukai transforms for elliptic surfaces, J. Reine Angew. Math. 498 (1998), 115–133
[5] Friedman, R., Rank two vector bundles over regular elliptic surfaces. Invent. Math. 96 (1989), no. 2, 283–332.
[6] Friedman, R., Vector bundles and SO(3)-invariants for elliptic surfaces. J. Amer. Math. Soc. 8 (1995), no. 1, 29–139.
[7] Friedman, R., Algebraic surfaces and holomorphic vector bundles, Universitext. Springer-Verlag, New York, 1998. x+328
pp.
[8] Herna´ndez, R. D., Mun˜oz Porras, J. M. Stable sheaves on elliptic fibrations. J. Geom. Phys. 43 (2002), no. 2-3, 163–183.
[9] Jardim, M., Maciocia, A., A Fourier-Mukai approach to spectral data for instantons. J. Reine Angew. Math. 563 (2003),
221–235.
[10] Kurihara, K., Yoshioka, K., Holomorphic vector bundles on non-algebraic tori of dimension 2, Manuscripta Math. 126
(2008), 143–166
[11] Matsuki, K. and Wentworth, R. Mumford-Thaddeus principle on the moduli space of vector bundles on an algebraic
surface, Internat. J. Math. 8 (1997), 97–148
[12] Yoshioka, K., Some examples of Mukai’s reflections on K3 surfaces, J. Reine Angew. Math. 515 (1999), 97–123.
[13] Yoshioka, K., Moduli spaces of stable sheaves on abelian surfaces, Math. Ann. 321 (2001), 817–884.
[14] Yoshioka, K., Twisted stability and Fourier-Mukai transform II, Manuscripta Math. 110 (2003), 433–465.
[15] Yoshioka, K., Perverse coherent sheaves and Fourier-Mukai transforms on surfaces II, Kyoto J. Math. 55 (2015), 365–459.
[16] Yoshioka, K., Moduli spaces of stable sheaves on Enriques surfaces. Kyoto J. Math. 58 (2018), no. 4, 865–914.
Department of Mathematics, Faculty of Science, Kobe University, Kobe, 657, Japan
Email address: yoshioka@math.kobe-u.ac.jp
14
